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Experimental data on thermal properties are used to construct the 
Mollier diagram of normal hydrogen at temperatures of 16--100 ~ K 
and pressures of 5-500 kg/cm 2. 

The wide employment  of n o r m a l  hydrogen in tech-  
nology has given r i s e  to the need for a suff icient ly ac-  
cura te  Mol l ie r  d i ag ram of n o r m a l  hydrogen for the 
l o w - t e m p e r a t u r e  reg ion  of s ta te  va r i ab l e s ,  espec ia l ly  
for the l iqu id -phase  reg ion  at high p r e s s u r e s .  The 
exis t ing  d i a g r a m s ,  cons t ruc ted  f rom exper imen ta l  
l o w - t e m p e r a t u r e  data  a re  confined to p r e s s u r e s  of the 
o rde r  of 200 k g / e m  2. Recent ly  conducted exper imen ta l  
inves t iga t ions  of the dens i ty  of n o r m a l  hydrogen in the 
l iquid phase have extended the range  of invest igated 
s ta te  v a r i a b l e s  of l iquid hydrogen to 500 k g / c m  2. 

We are  now conduct ing work a imed at de r iv ing  an 
equat ion of s tate  of h y d r o g e n  which will  enable  the 
ca lcula t ion  of all  the the rmodynamic  p r o p e r t i e s  of H 2 
over  a wide range  of t e m p e r a t u r e  and p r e s s u r e .  

Since this work r e q u i r e s  a grea t  deal  of t ime it i s  
worthwhile ca lcula t ing  a p rov is iona l  Mol l ie r  d i ag ram 
of hydrogen by a s impl i f ied  method in the t empe r a t u r e  
range  16-100  ~ K at p r e s s u r e s  up to 500 kg / cm 2, which 
is  the mos t  impor t an t  r eg ion  for technological  appl i -  
ca t ions .  This paper  d e s c r i b e s  the p rocedure  and the 
r e s u l t s  of this  calcula t ion.  

Fo r  the indicated range  of t e m p e r a t u r e  and p r e s -  
su re  the amount  of exper imen ta l  data on the ca lo r ic  
p r o p e r t i e s  of n o r m a l  hydrogen is ex t r eme ly  smal l ,  
covers  a n a r r o w  range  of s ta te  v a r i a b l e s ,  and is  v e r y  
i naccu ra t e  in c o m p a r i s o n  with t he rma l  data.  Hence,  
the ca lcu la t ion  of the Mol l i e r  d i ag ram in  this  work was 
based  on the use  of t he rma l  data. 

Expe r imen ta l  values  of the specif ic  vo lumes  of 
n o r m a l  hydrogen at t e m p e r a t u r e s  below 100 ~ K are  
given in  many  works .  An ana lys i s  showed that the data  
of [1-4]  a re  not suff ic ient ly  accura te  and they were  
not used in  the ca lcula t ions .  Of the other  works ,  only 
two [5,6] r e l a t e  to the l iquid phase.  In addition, John-  
ston and White [7] give smoothed expe r imen ta l  pvT 
va lues  for  t e m p e r a t u r e s  above 35 ~ K and p r e s s u r e s  up 
to 200 k g / c m  2. 

In the Scient i f ic  R e s e a r c h  Ins t i tu te  of High T e m p e r a -  
tu res ,  D. L. T i m r o t  and V. E. L y u s t e r n i k m a d e m e a -  
s u r e m e n t s  of the compre s s ib i l i t y  of H~ on the i s o t h e r m s  
-195 .2  ~ C and -195 .55  ~ C up to p r e s s u r e s  of 200 kg/em 2 
to ver i fy  Johnston andWhi t e ' s  smoothed data  [7]. T h e i r  
r e s u l t s  agreed  within the l im i t s  of exper imen ta l  e r r o r .  
Thus ,  the data of [7] can be r ega rded  as quite r e l i ab l e  and 
we used them in  the ca lcula t ions .  

Pape r  [8] gives smoothed pvT data  for n o r m a l  hy-  
drogen  at p r e s s u r e s  up to 500 k g / c m  z and low t e m -  
p e r a t u r e s .  To obtain the smoothed data the authors  

used the i r  own exper imen ta l  values ,  as well  as the 
data  of other r e s e a r c h e r s .  A compar i son  of the data 
of [8] and [5, 6] showed that at some points there  are  
d i f fe rences  which exceed the ove r - a l l  expe r imen ta l  
e r r o r .  Our ana lys i s  showed that the data of [5,6] at 
subc r i t i ca l  t e m p e r a t u r e s  agree be t t e r  with the r e su l t s  
of other  r e s e a r c h e r s  than the data of [8]. 

In view of this ,  in the cons t ruc t ion  of in te rpola t ion  
fo rmulas ,  we gave p r e f e r ence  to the data of [5, 6] in 
the reg ion  of s tate  va r i ab l e s  for  which data were  
avai lable .  At high p r e s s u r e s ,  where  only the data of 
[8] are  avai lable ,  we obtained the in te rpo la t ion  fo r -  
mu las  by us ing  these  data. 

Expe r imen ta l  va lues  of the sa tu ra ted  vapor  p r e s -  
su r e s  of n o r m a l  hydrogen were  obtained in [9] and 
[10]. The data  of [10] cover  the t e m p e r a t u r e  range  
f rom 13.95-24.59 ~ K and cor respond  to the fo rmula  

l gp (at) = --44.368/T + 4.5331 + 

+ 0.03240 T--0,0004189 T2+0.00000484 T 3. (1) 

The data of [9] were  obtained at t e m p e r a t u r e s  of 
20.90-33.244 ~ K and are  in terpola ted  by the equat ion 

1 gp (at) = 3.068281--55.25642 / T - -  

--3.1282 �9 10 -2 T+6.6989 - 10 -4 T 2. (2) 

The two equat ions a re  qui te  sa t i s fac to ry  as r e g a r d s  
accuracy  and agree  well  with one another  at t e m p e r -  
a tu res  c lose  to the n o r m a l  boi l ing point  of hydrogen.  
Hence, Eq. (1) was used  to ca lcula te  the sa tu ra ted  
vapor  p r e s s u r e  f rom the t r ip le  point  to the n o r m a l  
boi l ing  point  and Eq. (2) was used f rom the n o r m a l  
boi l ing  point  to the c r i t i ca l  point.  

Values for  the dens i ty  of n o r m a l  hydrogen on the 
sa tu ra t ion  l ine  and given in [10,11]. They agree  well  
with one another  and cover  the t e m p e r a t u r e  range  
f rom the t r ip le  point  to the c r i t i ca l  point.  To i n t e r -  
polate  the expe r imen ta l  data we used  the equat ion [11] 

where  

(Tr176 (3) 
P- -Pc  

A=0.145985; B=4.47314.10-% 

The c r i t i ca l  cons tan t s  of n o r m a l  hydrogen  were  
taken as: T c = 33.25 ~ K, Pc = 12.568 kg/cm2; Pc - P0 = 
= 0.03067 g / c m  3. 

The l i t e r a t u r e  at p r e s e n t  does not conta in  an equa-  
t ion of s ta te  which can se rve  as a b a s i s  for  the ana-  
ly t i ca l  t r e a t m e n t  of expe r imen ta l  pvT data  for  n o r m a l  
hydrogen in the en t i r e  indicated r anges  of t e m p e r a -  
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tu re  and p r e s s u r e .  The d e r i v a t i o n  of an equat ion of 
s t a t e  p r e s e n t s  s o m e  dif f icul ty  and did not come  within 
the scope  of the p r e s e n t  inves t iga t ion .  However ,  we 
r e j e c t e d  a p u r e l y  g r a p h i c a l  method  of cons t ruc t i ng  
the M o l l i e r  d i a g r a m  s ince  this  migh t  r e d u c e  i ts  a c -  
c u r a c y  to some  extent ,  and we used  ma in ly  ana ly t i ca l  
me thods .  To s imp l i fy  the ana ly t i ca l  t r e a t m e n t  of the 
e x p e r i m e n t a l  da t a  we d iv ided  the en t i r e  r a n g e  of s t a t e  
v a r i a b l e s  into t h r e e  r eg ions :  the f i r s t  inc ludes  s t a t e s  
of the gas  with a s u b c r i t i c a l  dens i ty  at al l  t e m p e r a -  
t u r e s ;  the second  inc ludes  t e m p e r a t u r e s  and d e n s i t i e s  
above the c r i t i c a l ;  the th i rd  inc ludes  t e m p e r a t u r e s  
be low Tc and d e n s i t i e s  g r e a t e r  than Pc- 

In the f i r s t  r eg ion ,  i . e . ,  p <- Ps ,  we used  the equa-  
t ion of [12] for  the spec i f i c  vo lumes .  It is  one of the 
mos t  a c c u r a t e  equa t ions ,  va l id  for  a wide r ange  of 
t e m p e r a t u r e  and p r e s s u r e ,  and su i tab le  for  c a l c u l a -  
t ions  of c a l o r i c  p r o p e r t i e s .  

In th is  work  we made  an addi t ional  c o m p a r i s o n  of 
the equat ion of [12] with the e x p e r i m e n t a l  da ta  in the 
l o w - t e m p e r a t u r e  r e g i o n  of v a r i a b l e s  and con f i rmed  
the high a c c u r a c y  of th is  equat ion.  

At  s u p e r c r i t i c a l  d e n s i t i e s  and t e m p e r a t u r e s  below 
100 ~ K the pub l i shed  equat ions  of s t a t e  for  n o r m a l  hy -  
d r o g e n  a r e  b a s e d  on the a s sumpt ion  of l i n e a r i t y  of the 
i s o c h o r s  and u sua l l y  have the fo rm 

p(v, T) = A(v) + B(v)T. (4) 

An example  of such a r e l a t i o n s h i p  is  the equat ion of 
[5], p r o p o s e d  fo r  spec i f i c  vo lumes  of 13 -19  cm3/g  at  
p r e s s u r e s  up to 110 k g / c m  2. Th is  equa t ion  was  c o m -  
p a r e d  with the e x p e r i m e n t a l  da t a  for  the l iquid  s t a t e  in 
w i d e r  r a n g e s  of spec i f i c  vo lume and p r e s s u r e .  The 
d i s c r e p a n c i e s  w e r e  found to i n c r e a s e  s h a r p l y  even 
when the va lues  of the s t a t e  v a r i a b l e s  w e r e  only a 
l i t t l e  ou t s ide  the r ange  r e c o m m e n d e d  in [5]. Within 
the  r e c o m m e n d e d  r ange  the equat ion on the a v e r a g e  
was  s a t i s f a c t o r i l y  a c c u r a t e  as  r e g a r d s  t h e r m a l  p r o -  
p e r t i e s ,  but  d id  not  p r e d i c t  the ac tua l  b e h a v i o r  of the 
i s o c h o r s  of n o r m a l  hydrogen ,  which have a v e r y  p r o -  

nounced c u r v a t u r e .  Hence ,  equat ions  of s t a t e  b a s e d  on 
the a s sumpt ion  of l i n e a r i t y  of the i s o c h o r s  a r e  not  
s a t i s f a c t o r y  for  the p r e d i c t i o n  of the p r o p e r t i e s  of 
n o r m a l  hyd rogen  in a wide p r e s s u r e  range .  

The i n t e rpo l a t i on  f o r m u l a  which we used  for  sub-  
c r i t i c a l  t e m p e r a t u r e s  has  the fo rm 

p(v, T) = p(Tc, v)+pITe, v'(T)] +ps(T)  +3p(v, T). (5) 

The mean ing  of the t e r m s  conta ined  in th is  equat ion is  
i l l u s t r a t e d  in F ig .  l a .  

F o r  s u p e r c r i t i c a l  t e m p e r a t u r e s  and p - Pc the in-  
t e r p o l a t i o n  f o r m u l a  has  the fo rm 

p(v, T)=p(vc, T)+p(Tr v)--pc+Sp(v, T). (6) 

The mean ing  of the t e r m s  conta ined in the equat ion is  
i l l u s t r a t e d  in F ig .  lb .  The p r e s s u r e  on the c r i t i c a l  
i s o c h o r  P(Vc; T) was c a l c u l a t e d  f r o m  the equat ion of 
[12]. We obta ined ana ly t i ca l  r e l a t i o n s h i p s  for  a l l  the 
t e r m s  conta ined  in Eqs .  (5) and (6). 

F o r m u l a s  (5) and (6) a g r e e  wel l  with one another  on 
the c r i t i c a l  i s o t h e r m  and with  the equat ion obtained in 
[12] on the c r i t i c a l  i s o c h o r  ( f rom the f i r s t  d e r i v a t i v e  
of the t h e r m a l  quant i t i es ) .  A c o m p a r i s o n  of the e x -  
p e r i m e n t a l  and c a l c u l a t e d  p r e s s u r e s  i s  shown in F i g s .  
2 and 3. 

The abso lu te  d i f f e r e n c e s  be tween  the ca l cu l a t ed  and 
e x p e r i m e n t a l  p r e s s u r e s  at some  po in t s  a r e  e x t r e m e l y  
high.  It should be bo rne  in mind,  however ,  that  in the 
l i q u i d - p h a s e  r eg ion  the d e r i v a t i v e  (~p/3v) T is  l a r g e  
and, hence ,  an a p p r e c i a b l e  d i f f e r ence  in p r e s s u r e  has  
h a r d l y  any ef fec t  on the spec i f i c  vo lume.  In addi t ion,  
the  d i f f e r e n c e s  be tween  the c a l c u l a t e d  va lues  and the 
da t a  of [5] and [6] a r e  of oppos i te  s igns  in mos t  c a s e s .  

The s t r u c t u r e  of the i n t e rpo l a t i on  f o r m u l a s  (5) and 
(6) is  such that  the m a i n  c u r v a t u r e  of the i s o t h e r m s  in 
the p v - d i a g r a m  is  due to the t e r m  p ( T c , v ) .  The t e r m  
5p(v, T) has  an ins ign i f i can t  c u r v a t u r e  on the i s o t h e r m s .  
Hence ,  having  an e x p r e s s i o n  for  p(Tc ,  v) va l id  up to 
high p r e s s u r e s ,  we can obtain the p r e s s u r e s  at h igh 
d e n s i t i e s  by e x t r a p o l a t i o n  of the t e r m  6p(v, T) to the 
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F ig .  1. D i a g r a m  i l l u s t r a t i n g  i n t e rpo l a t i on  of e x p e r i m e n t a l  
pvT  da t a  fo r  T -< T c (a) and T --> Tc  (b). 
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Fig .  2. Compar i son  of e x p e r i m e n t a l  pvT da ta  with da ta  
ca l cu l a t ed  f rom Eq. (5) [Ap = (Pexp - Pcalc)  kg/cm2]: a) 
da ta  of [5] (1--20.34 ~ 2--22.96 ~ 3--25.81 ~ 4--30.11 ~ K); 

b) da ta  of [6] (5--16.66 ~ 6--17.909 ~ 7--20.42 ~ K). 

c o r r e s p o n d i n g  d e n s i t i e s .  I t  is  unl ikely  that  such an 
e x t r a p o l a t i o n  wi l l  l ead  to l a r g e  e r r o r s .  M o r e o v e r ,  a 
c o n s i d e r a b l e  p a r t  of the e r r o r  wi l l  be  s y s t e m a t i c ,  
which wi l l  have  l i t t l e  effect  on the entha lpy  and en t ropy  
i n c r e m e n t s .  

To d e t e r m i n e  the enthalpy and en t ropy  of n o r m a l  
hyd rogen  we used  the fol lowing t h e r m o d y n a m i c  r e l a -  
t i onsh ips  

vo IJo 

7 J  

s(v, T)=so(T )+ A ~ ( Op ~ dr. (7) 

vo 

We took the t e m p e r a t u r e  dependence  of the entha lpy  
i0 and the en t ropy  s~ in the i d e a l - g a s  s t a t e  f rom [13, 
14]. T h e s e  da ta  a r e  the mos t  r e l i a b l e  at p r e s e n t .  
Equat ions  (7) in each  of the t h ree  r e g i o n s  of s t a t e  
v a r i a b l e s  w e r e  i n t e g r a t e d  in a c c o r d a n c e  with the c o r -  
r e s pond ing  ana ly t i ca l  r e l a t i onsh ip  fo r  the t h e r m a l  
p r o p e r t i e s .  

In the r e g i o n  of s u b c r i t i c a l  d e n s i t i e s  the d e r i v a t i v e s  
(Op/~T)v and (l~p/Ov)T and the i n t e g r a l s  f r o m  them 
w e r e  d e t e r m i n e d  by d i f f e ren t i a t ion  and in t eg ra t ion  of 
the equat ion obtained in [12]. On the b a s i s  of t he se  
ca l cu la t ions  we found the enthalpy and en t ropy  in the 
r a n g e  up to the c r i t i c a l  dens i t y  at  T -> T c and up to the 
c o r r e s p o n d i n g  vo lumes  of d ry  s a t u r a t e d  vapor  v" at 
T -< T c. We a l so  found the spec i f i c  vo lumes  on the 
r igh t  bounda ry  curve  of v" f rom the equat ion f r o m  [12] 
by us ing  known va lues  of the  s a t u r a t e d  vapor  p r e s s u r e .  

The e n t h a l p y  i t and the en t ropy  s ~ on the lef t  bound-  
a r y  cu rve  w e r e  found f r o m  the c o r r e s p o n d i n g  va lue s  of 
i" and s"  and the hea t  of v a p o r i z a t i o n  r .  E x p e r i m e n t a l  
va lues  of the hea t  of v a p o r i z a t i o n  fo r  n o r m a l  hydrogen  
i r e  ava i l ab l e  only fo r  p r e s s u r e s  below a t m o s p h e r i c  
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[15]. F o r  th i s  r e a s o n  we used  va lues  fo r  the  hea t  of 
vapo r i za t i on  c a l c u l a t e d  f rom the C l a p e y r o n - C l a u s i u s  
equat ion [9]. 

In the ca l cu la t ion  of the enthalpy and en t ropy  in the 
s i n g l e - p h a s e  r e g i o n  at v < Vc the ana ly t i ca l  e x p r e s -  
s ions  obta ined for  (Sp/~T)  v and (ap /~v)T and the in te -  
g r a l s  f rom them w e r e  v e r y  c o m p l i c a t e d  and unsu i t ab le  
fo r  ca l cu l a t i ons .  In addi t ion,  the i n t e rpo la t i on  r e l a -  
t i onsh ips  for  pvT a re  a l t e rna t i ng  s e r i e s  and, hence ,  
the  ca l cu l a t ed  va lue s  of the d e r i v a t i v e s  ( ap /aT)  v and 
(0p/~v)T might  show some  undulat ion on the i s o c h o r s  
and i s o t h e r m s .  To avoid th i s  and to s imp l i fy  the c a l -  
cu la t ions  we found the d e r i v a t i v e s  by the n u m e r i c a l  
method .  F o r  the whole r e q u i r e d  dens i ty  r ange  we used  
the i n t e rpo l a t i on  f o r m u l a s  to c omp i l e  a c o m p r e h e n s i v e  
tab le  of r e f e r e n c e  va lues  for  the t h e r m a l  quan t i t i e s .  
The t abu la ted  da ta  were  d i f f e ren t i a t ed  n u m e r i c a l l y  by 
m e a n s  of a L a g r a n g e  in t e rpo la t i on  po lynomia l .  Each  
va lue  of the d e r i v a t i v e s  (~p/DT)v and (3p/Ov)T on the 
i s o c h o r  or  i s o t h e r m  was ca l cu l a t ed  by us ing  four  ad-  
j a c e n t  po in t s  (two on each  s ide) .  The n u m e r i c a l  va lue s  
of the d e r i v a t i v e s  found in th is  way were  g r a p h i c a l l y  
smoothed  on the i s o t h e r m s  and i s o c h o r s  and t h e i r  net  
was  then c ons t ruc t e d .  

Equa t ions  (7) w e r e  i n t e g ra t e d  n u m e r i c a l l y  f rom the 
smoothed  v a l u e s  of the d e r i v a t i v e s  within the r ange  of 
spec i f i c  v o l u m e s  f rom the c o r r e s p o n d i n g  spec i f i c  
vo lume on the lef t  bounda ry  cu rve  at  T < TC o r  on the 
c r i t i c a l  i s o c h o r  at  T >- Tc to the r e q u i r e d  spec i f i c  
vo lume .  We thus c o n s t r u c t e d  ip,  iv,  sp,  sv,  and Ts  
d i a g r a m s .  

In al l  t he se  d i a g r a m s  the entha lpy  and en t ropy  w e r e  
smoothed.  Th is  was  f a i r l y  ea sy  within the l i m i t s  of 
a c c u r a c y  of the e x p e r i m e n t a l  da t a  and cons t ruc t i on  of 
the d i a g r a m s .  The M o l l i e r  d i a g r a m  was  d rawn  f rom 
the smoothed  va lues .  On i t  we p lo t t ed  the i s o c h o r s ,  
i s o b a r s ,  and i s o t h e r m s ,  and in the two-phase  r eg ion ,  

-0.: ,.i 
"" l ib 

-0.r 
0 50 /00 /50 200 p 

Fig .  3. C o m p a r i s o n  of e x p e r i m e n t a l  pvT da ta  with those  c a l -  

cu la ted  f r o m  Eq. (8) (Sp = [(Pexp - P c a l c ) / P c a l c ]  " 100%): 
a) Da ta  of [17,18] (1- -a t  113.6 ~ 2--103.16~ 3--98.16 ~ K); b) 

da t a  of [7] (4--40 ~ 5--50 ~ 6--60 ~ 7--75 ~ K). 



3
5
0
 

3
0
0
 

2
5
0
 

20
0 

/5
0 

10
0 

5
0
 L
 

! 

g 
.f
 

b 

0.
3 

2~
 

7 
,9

 
/0

 
H 

[,
2 

3 
0 

2 
3 

~ 
5
 

6
 

F
ig

. 
4.

 
M

o
ll

ie
r 

d
ia

g
ra

m
 o

f 
n

o
rm

al
 h

y
d

ro
g

en
 f

ro
m

 1
6 

to
 9

8 
~ 

K
 a

nd
 f

ro
m

 5
 t

o 
50

0 
k

g
/e

m
2

: 
1)

 T
 =

16
~

 
2)

 2
0~

 
3)

 2
4~

 
4)

 2
6~

 
5)

 2
8~

 
6)

 3
0~

 
7)

 3
2~

 
8)

 3
3

.2
6

~
 

9)
 4

3~
 

10
) 

53
~

 
11

) 
73

~ 
12

) 
98

~
 

a)
 p

 =
0

.5
; 

b)
 1

; 
c)

 5
; 

d)
 1

0;
 e

) 
20

; 
f)

 4
0;

 
g)

 6
0;

 h
) 

10
0;

 i
) 

20
0;

 j
) 

30
0;

 k
) 

40
0;

 l
) 

50
0 

k
g

/c
m

 2
. 

�9
 

>
 

�9
 

�9
 

h~
 

c~
 

O
1

 



60 IN ZHENERNO- FIZICHESKII ZHURNAL 

the l ines of constant d ryness  at steps of 0.1. The in- 
vers ion  curve obtained in this diagram agrees  well 
with the invers ion curve in [6]. 

The accuracy  of the presented  Moll ier  d iagram 
(Fig. 4) depends mainly on the accuracy and amount of 
init ial  exper imenta l  data. Unfortunately, at low tem- 
pe ra tu re s ,  and especia l ly  in the region of high p r e s -  
sures ,  the exper imental  data are  ex t remely  meager  
and are  not ve ry  accurate .  According to our es t imates ,  
the e r r o r  of the d iagram is 2.25 kca l /kg  for enthalpy 
at v >- 14 cm3/g. At sma l l e r  specific volumes the e r -  
ro r  is  g r ea t e r  and attains values of about 5 kca l /g  at 
the g rea tes t  p r e s s u r e s  and densi t ies .  In the case  of 
entropy the average e r r o r  is about 0.05 kca l /kg  �9 deg. 

NOTATION 

T is the t empera tu re ,  ~ p is the p r e s su re ,  kg/cm 2; 
p is the density,  g/cm3; v is the specific volume,  
cm3/g; i is the enthalpy, kcal /kg;  s is the entropy, 
kca l /kg  �9 deg; i0, s o a re  the enthalpy and entropy in 
idea l -gas  state;  r is  the specific heat of vaporization.  
Subscripts:  c is the c r i t i ca l  state;  s is the saturat ion 
state;  the single pr ime denotes the sa turated l iquid-  
sa turated vapor line; the double p r ime  denotes the 
ga s - s a tu r a t ed  vapor line. 
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